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11. $R$ $a,$ $\mathrm{b}$ $f\in R$ ,
$\nu_{a}(f):=\sup\{k : f\in a^{k}\}\in \mathrm{N}\cup\{0, \infty\}$ ,
$\nu_{a}(\mathrm{b}):=\inf\{\iota \text{ _{}\mathfrak{a}}(f) : f\in \mathrm{b}\}\in \mathrm{N}\mathrm{U}\{- 0, \infty\}$ .
. $l\ovalbox{\tt\small REJECT}$ $f$ $\mathrm{b}$ $a$ .
Rees $[\mathrm{R}_{5}]$ ’88 .
(1) $0\leq\nu_{\mathfrak{a}}(f)\leq\infty$ , $\nu_{a}(0)=\infty,$ $\nu_{a}(1)=0$ ,
(2) $\nu_{\alpha}(f+g)\geq\min$ { $\nu$ $(f),$ $\nu_{\alpha}(g)$ },
(3) $\nu_{a}(fg)\geq\nu_{\alpha}(f)+\nu$ $(g)$ ,
(4) $\nu_{\alpha}(\lambda f)=\nu_{\alpha}(f)(\lambda\in \mathbb{C}^{*})$ .
(3) $\nu$ .
1.2. [S] $f52$ . $\overline{\nu}_{\alpha}(\mathrm{b}):=\lim_{karrow\infty}\nu_{a}(\mathrm{b})^{k}/k(\in[0, \infty])$ .
. (1) $i. \vee I:=\sup_{karrow\infty}\nu_{\alpha}(\mathrm{b}^{k})/k<\infty$ .
$\exists k_{0}$ : $\nu_{\alpha}(\mathrm{b}^{k_{\mathrm{O}}})\geq k_{0}(\Lambda/I-\epsilon.)$ . $k=k_{0}q+r(r\in[0, k_{0}-1])$ .
$\nu_{\alpha}(\mathrm{b}^{k})\geq q\nu_{a}(\mathrm{b}^{k_{0}})\geq qk_{0}(M-\epsilon)$ .
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$\frac{\nu_{\mathfrak{a}}(\mathrm{b}^{k})}{k}\geq\frac{qk_{0}(\mathrm{J}/I-\epsilon)}{qk_{0}+r}arrow M-\epsilon$ . $\lim_{karrow\infty}\nu_{a}(\mathrm{b})^{k}/k=M$
(2) $M:= \sup_{karrow\infty}\nu_{a}(\mathrm{b}^{k})/k=\infty$ .
$\overline{\nu}$ .
L3. $R:=K\{x, y\}/(y^{2}-x^{3})$ , $\mathfrak{m}\subset R$ , $\nu_{\mathrm{m}}(x)=1$ ,
$\nu_{\iota \mathfrak{n}}(y)=1,$ $\overline{\nu}_{\mathrm{m}}(y)=3/2$ .
14. [S]’52. $\lim\overline{\nu}$ $(\mathrm{b})\in \mathbb{Q}$?
1.5. $[\mathrm{R}_{1}]$ ’55, [N] ’57.
$R$ : $R^{*}$ ( ) , $e_{i}\in \mathrm{N}$ ,
$V_{i}$ : $Rarrow \mathrm{N}\cup\{0, \infty\}(i=1, \ldots,p,)$ , $\overline{\nu}_{a}(\mathrm{b})=\min_{i}\{\frac{V_{1}(\mathrm{b})}{\mathrm{c}_{i}}\}\in \mathbb{Q}$ .
Rees $R \subset R[tg_{1}, \ldots, tg_{n}, \frac{1}{t}]$ ,
$a$ .
1.6. [R4] ’56. $R$ , $a\subset R$ , .
(1) $\exists b\in \mathbb{R},$ $\forall f\in R:(\nu_{a}(\mathrm{f})\leq)\overline{\nu}_{a}(\mathrm{f})\leq\nu_{a}(\mathrm{f})+b$ .
(2) $R^{*}$ .
(X, $\mathcal{O}_{X}$ ) , $R:=\mathcal{O}_{X,\xi}$ $\xi\in X$ ( ) , $\mathfrak{m}=\mathfrak{m}_{\xi}\subset R$
( $\xi$ $0$ ) .
1.7. $f\in R$ ,
$\nu_{\xi}(f):=\nu_{\iota \mathfrak{n}}(f)$
$\xi$ ( ) ,
$\mu(f):=\mu_{\xi}(f):=\sup${ $k$ : $h>0$ $\xi$ $U$ $|f(x)|\leq h|x|^{k}$ }
$\xi$ .
(X, $\mathcal{O}_{X}$ ): . $\mathcal{M}$ , $\mathrm{Y}$
$\xi$ $\Pi$ : $Yarrow X$ $X$ $\Pi^{-1}(\xi)$ . $\vee\supset$
, $\text{ }$ 1 .
$\Phi\in$ At $\mathrm{I}\mathrm{I}^{-1}(\xi)_{\mathrm{r}\mathrm{e}\mathrm{d}}$ $\{E_{1}, \ldots, E_{n}\}$ Riemann
,
1.8. $F\in\Gamma(E_{i}, \mathcal{O}_{Y})$ $\nu_{Y,E.,\xi}.(F)$ $\xi\in E_{i}$ .
$f\in \mathcal{O}_{X,\xi}$ , $f\circ\Phi\in\Gamma(E_{i}, \mathcal{O}_{Y})$ , $V_{i}(f):=\nu_{Y,E_{i},\xi}(f\circ\Phi)$
$R$ . $V_{i}.( \mathrm{m}):=\inf\{V_{i}.(f) : f\in \mathfrak{m}\}$ .
.
1.9. [L-T] ’74. $X$ , $R:=\mathcal{O}_{X,\xi}$ , $f\in R$ $P,$ $q\in \mathrm{N}$
.
(1) $\overline{\nu}(f)\geq p/q$ .
(2) $\exists k\in \mathrm{N},$ $\exists\sigma_{i}\in R:\nu(\sigma_{i})\geq ip/q_{:}f^{k}-\sigma_{1}f^{k-1}+\cdots\pm\sigma_{k}=0$ .
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(3) $\Phi$ : $Darrow X$ $D\subset \mathbb{C}$ $\Phi(0)=\xi$ .
$\nu_{0}(f\circ\Phi)\geq(p/q)\inf\{\nu_{0}(g\circ\Phi) : g\in \mathrm{m}\}$ .
(4) $\forall\Phi\in \mathcal{M}$ : $\mathrm{Y}arrow X$ , $\inf\frac{V_{i}(f)}{V_{i}(\mathrm{m})}\geq\frac{p}{q}$ .
(5) $\exists\Phi\in\lambda 4$ : $Yarrow X$, $\inf\frac{V_{i}(f)}{\mathcal{V}_{i}^{r}(\mathfrak{m})}\geq\frac{p}{q}$ .
(6) $\mu(f)\geq\frac{p}{q}$ .
(1) $\Leftrightarrow(2)$ $[\mathrm{R}_{1}]$ ’55 .
(1) $\Leftrightarrow(6)$ , ,
Lojasiewicz exponent . –
. . (1.9)
.
1.10. ( ) [I2] ’85, $[\mathrm{R}_{6}]$ ’92.
$R$ . ( )
,
$\exists a,$ $b\in \mathbb{R},$ $\forall f,$ $g\in R:(\iota \text{ }(f)+\nu(g)\leq)\nu(fg)\leq\nu(f)+a\nu(g)+b$ .
( $a,b$ $a\geq 1$ $b\geq 0$ .)
, $\nu(fg)-\nu(f)$ $\nu(g)$ .
Artin-Rees . .
Izumi , Rees – Rees
, Izumi $\nu(fg)\leq a(\nu(f)+\nu(g))+b$
.
1 . 2
, . Flenner Bertini
, .
2. KRULL
$(R, \mathrm{m}),$ $(S, \mathfrak{n})$ .
$\nu(f)=\nu_{\iota \mathfrak{n}}(f):=\sup\{k:f\in \mathfrak{m}^{k}\}$ , $d(f, g):=\exp(-\nu(f-g))$
$d$ $R$ . ( $f,$ $g,$ $h\in R$ ,
$d(f, h) \leq\max\{d(f, g), d(g, h)\}$ , $d$ ) $R$
$R^{*}$ , $R$ , .
$(\mathfrak{m}^{*})^{k}$ $R$
$\mathfrak{m}^{k}$ $-$ . $\mathrm{m}^{*}$ $d$
.
$\varphi$ : $Rarrow S$ .\acute $\mathbb{C}$ .
$\mathfrak{m}$ $\mathfrak{n}$ . $\varphi^{*}$ : $R^{*}arrow s*$ #
. $\varphi$ , $\varphi^{*}$ .
2.1. .
(1) $(R/\mathrm{k}\mathrm{e}\mathrm{r}\varphi)^{*}arrow s*$ .
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(2) $\varphi$ . ( $\varphi(A)$ ,
. )
(3) $\exists e$ : $\mathrm{N}arrow \mathrm{N}$ : $\varphi(A)\cap \mathfrak{n}^{e(k)}\subset\varphi(\mathrm{m}^{k})$ .
(2) $\Leftrightarrow(3)$ . (1) $\Rightarrow(3)$ $0$
Chevalley . (1) $(R/\mathrm{k}\mathrm{e}\mathrm{r}\varphi)^{*}arrow s*$
, Gabrielov $[\mathrm{G}_{1}]’ 71$ .
2.2. (implicit in [BZ] ’ $79_{\backslash }-$ cf. $[\mathrm{I}_{3}]’ 89$). . $A,$ $B$ : ,
$\varphi$ : $Aarrow B$ , $\varphi^{*}:$ $A^{*}arrow B^{*}$ $\varphi$ . $\text{ }\mathrm{E}\dagger \mathrm{H}$
.
$(_{\backslash }1)\varphi(A)$ $B$ ,
(2) $\overline{\varphi^{*}(A)}\cap B=\varphi^{*}(A)$ ( $\varphi(A)$ $B$ .)




$\Phi$ : $(\mathrm{Y}, \eta)arrow(X, \xi)$ ,
$\varphi$ : $\mathcal{O}_{X,\xi}arrow \mathcal{O}_{Y.\eta}$ . $\varphi(f):=f\circ\Phi$ .
grk $\Phi=$ grk $\varphi:=\frac{1}{2}\inf$ { $\dim\Phi(U)$ : $U$ $\xi$ }
, $([\mathrm{G}_{2}]’ 73)$ .
3.1. ( Chevalley ) $[\mathrm{I}_{\mathrm{J}}]$ ’82, [I4] ’86.
.
(1) grk $\Phi=\dim X_{\xi}$ ( $\Leftrightarrow$ (2.2) ) .
(2) $\exists a\in \mathbb{R},$ $\forall f\in \mathrm{A}:a\overline{\nu}(f)\geq\overline{\nu}(\varphi(f))$ .
, $[\mathrm{I}_{2}]$ ’85 . [$\mathrm{R}_{6}|$ ’89 . (1.6)
, (2)
$\exists a,$ $\exists b\in \mathbb{R},$ $\forall f\in A$ : $a\nu(f)+b\geq\nu(f\circ\Phi)$ $|$
.
, (2.2) , (1) [G2] ’73
, . $(3.1)(2)\Rightarrow(_{\sim}^{\eta.1})(3)$
, $\varphi(A)$ , $\varphi$ $(\mathrm{B}\mathrm{e}\mathrm{c}\mathrm{k}\mathrm{e}\mathrm{r}?\rangle$ .
Chevalley , Bierstone-Milman [BM] ’98







3.2. [O] ’65. $x=s,$ $y=s\cdot t,$ $z=st\exp t$ $\Phi$ : $\mathbb{C}\{x, y, z\}arrow$
$\mathbb{C}\{s, t\}$
$\varphi$ .
$s,$ $st,$ $st\exp$ 2 , (2.1) Chevalley
. grk $\varphi=2<3$ , (3.1) .
(4.5), (4.7) , 2 .
$[\mathrm{I}_{8}]’ 96$ .
(X, $\xi$ ) , $\Phi$ : $(Y, E)arrow(X, \xi)$ modification .
$\forall f\in\Gamma(E, \mathcal{O}_{Y})\exists.q\in \mathcal{O}x,\epsilon:f=g\circ\Phi$ . , (3.1) ,
$\exists a,$ $\forall f$ : $\overline{\nu}_{\xi}(g)\geq akarrow\forall\eta,$ $\overline{\nu}_{\eta}(f)\geq k$ . $E$
1 , , $E$ .
.
33. $[\mathrm{I}_{5}]$ ’92. $E$ $X$ , $X_{\mathrm{r}\mathrm{e}\mathrm{g}}$ $E$
. $X$ $E$ .
$E$ Moishezon , $E$ 1 $E$
2 $E$ . (
. $E$ . )
. $K$ $0$ , $R$ (excellent) $I\mathrm{i}^{r}$ -
. $R$ universal property
( ) (Bingener, Scheja-Storch, [SS] ’72) .




, $\sqrt[\backslash ]{}\mathrm{I}$ $\mathrm{g}\mathrm{r}\mathrm{k}\varphi$ (1.10) –
, (3.1) .
3.4. $[\mathrm{I}_{7}]$ ’96. $Ii^{\mathit{7}}$ $\mathit{0}$ , $\varphi$ : $Aarrow B$ , $I\mathrm{t}’$
. .
(1) grk $\varphi=\dim X_{\xi}$
(2) $\exists a\in \mathbb{R},$ $\forall f\in A:a\overline{\nu}(f)\geq\overline{\nu}(\varphi(f))$ .
Rees $[\mathrm{R}_{6}]$ ’89 $I\dot{\mathrm{t}}^{r}$ $0$ , (3.4)
. .
4.
(3.3) , Hilbert ,
Samuel , $\mathbb{C}^{n}$
:
4.1. $[\mathrm{I}_{6}]$ ’92. $S$ $\mathbb{C}^{n}$
.
(1) $S$ .
(2) $\exists a\in \mathbb{R},$ $\forall F\in \mathbb{C}[x_{1}, \ldots, x_{n}]$ : $a\cdot\deg F\geq\nu s.0(F|S)$ .
, $\nu s,0(F|S)$ $\mathcal{O}s,0$ .
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4.2. $S:=\{z : y=\exp x-1\}$ , Hilbert Sammuel
, $\exists a>0$ : $a\cdot(\deg F)^{2}\geq\nu s,0(F|S)$ .
\sim $\exp x$
$k$ , $(\deg F+1)^{2}$ .
$\exp_{X}$ .
Liouville , $f$ , $k$
, $k$ (
, cf. $[\mathrm{I}_{6}]$ ’92) .
. (R. m) $\mathbb{C}$ .
$\Phi:=\{\Phi_{1}, \ldots, \Phi_{n}\}\subset \mathfrak{m}^{\mathrm{x}n}$ ( $\cross n$ .)
$\deg_{\Phi}f:=\min\{\deg F:F\in K[X], f=F(\Phi)\}$
( $f\in R\backslash K[\Phi]$ $\deg_{\Phi}f:=\infty.\rangle$
$\theta_{\nu,\Phi}(k):=\sup\{\nu(f) : \deg_{\Phi}(f)\leq k, \nu(f)\leq\infty\}$.
$\alpha(\nu, \Phi):=\lim_{karrow}\sup_{\infty}\log_{k}\theta_{\nu,\Phi}(k)$ .
$\theta_{\iota^{\ovalbox{\tt\small REJECT}},\Phi}(k)$ $k$ $\Phi$ , $\alpha(\nu, \Phi)$ $\Phi$ .
$\theta_{\nu,\Phi}(k)$ , .
4.3. (UPPER ESTIMA$TE$) $[\mathrm{I}_{8}]$ ’ $96$ .
$(R, \mathfrak{m})$ $\mathbb{C}$ . $\Phi:=\{\Phi_{1}, \ldots, \Phi_{m}\}\subset\Psi:=\{\Psi_{1}, \ldots, \Psi_{n}\}\subset \mathrm{m}^{\mathrm{x}n}$ , $\Psi$
$R(\Psi)$ ,
$\exists a:\theta_{\nu,\Phi}(k)\leq\theta_{\nu,\Psi}(k)\leq\theta_{l\text{ },\Phi}(ak)$ , $\alpha(\nu, \Psi)=\alpha(\nu, \Phi)$ .
4.4. (LOWER ESTIMA $TE$) $[\mathrm{I}_{8}]’ 96$ .
$R$ $\mathbb{C}$ , $\Phi\subset R$ $\alpha(\Phi)\geq \mathrm{t}\mathrm{r}\deg_{\mathbb{C}}K(\Phi)/\dim R$ .
$(R, \mathrm{m}),$ $(S, \mathfrak{n})$ $K$ , $\varphi$ : $Rarrow S$ . $\kappa_{\varphi}$ : $\{0,1, \ldots\}arrow[0, \infty]$




4.5. $(R, \mathfrak{m})$ ,
$\Phi:=\{\Phi_{1}, \ldots, \Phi_{p}\}\subset \mathfrak{m}^{\cross p}$, $\varphi(y_{i})=\Phi_{i}$
$\varphi$ : $\mathbb{C}\{y\}arrow R$ $(y:=(y_{1}, \ldots, y_{p}))$
. $\alpha(\Phi)\leq\beta(\varphi)$ .
Chevalley (4.1) , .
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46. $S_{i}R$ , $\varphi$ : $Rarrow S$ . $\Psi\subset \mathfrak{m}_{R}^{\mathrm{x}k}$
,
grk $\varphi=\dim S$ $\Rightarrow$ $!^{/\mathit{3}(\varphi)}=1,$ $\alpha(\Psi)=\alpha(\varphi(\Psi))$ .
, $R:=\mathbb{C}\{x\}(x=(x_{1}, \ldots, x_{n}))$ .
, $x$ $x$ 1 ,
.
4.7. (well-known)
$s:= \dim_{\mathbb{Q}}\sum_{i=1}^{p}\mathbb{Q}\lambda_{i}$ , $t:= \dim_{\mathbb{Q}}\sum_{i=1}^{q}\mathbb{Q}\mu_{i}$
$\Rightarrow\alpha(x, \exp\lambda_{1^{X},K}\ldots.\exp\lambda_{p}x, \exp\mu_{1}y, \ldots, \exp\mu_{q}y)=\max\{s+1_{J}.t\}$ .
$\alpha(\exp x, \exp\sqrt{2}x)$ , , $Y=X^{\sqrt{2}}$ $(1,1)$
$=$ .
4.8. (cf. $[\mathrm{I}_{8}]’ 96$) $\varphi$ : $\mathbb{C}[X, Y]arrow \mathbb{C}[x, y]$ $X=\sqrt{1+x},$ $Y=\sqrt[3]{1+xy}$
. grk $\varphi=2$ .
or $(x, \exp\sqrt{1+x}, \exp\sqrt{2(1+x)}, \exp\sqrt[3]{1+xy})$
$=\alpha(x, \sqrt{1+x}, \exp\sqrt{1+x}, \exp\sqrt{2(1+x)}, \exp\sqrt[3]{1+xy})$
$=\alpha.(\sqrt{1+x}, \exp\sqrt{1+x}, \exp\sqrt{2(1+x)}\text{ }.\exp\sqrt[3]{1+xy})$
$=\alpha$ ( $X,$ $\exp$ X. $\exp\sqrt{2}\lambda^{r},$ $\exp Y$ ) $= \max\{3,1\}=3$
( 1, 2 (4.3), 3 (4.6), 4 (4.7) . )
, Nash ( \rangle
. .
$\Phi$ : (X, $\xi$ ) $arrow \mathbb{C}^{p}$ ,
. $\mathbb{C}^{p}$
. $\Phi$ $\Phi_{1},$ $\ldots,$ $\Phi_{P}$ $\alpha(\Phi_{1}, \ldots, \Phi_{P})$ 1
, . (3.2)
$\alpha(s, st, st\exp t)=2$ $\Phi$ $X$
$\alpha(\Phi_{1}, \ldots, \Phi_{p})$ , (X, $\xi$ )
. ( .)
4.9. (cf. $[\mathrm{P}_{1}]’ 86$ , $[\mathrm{P}_{2}]f87,$ [P-W] ’88)
$R:=\mathbb{C}\{x, y, z\}$ , $x:=(x_{1}, \ldots, x_{p}),$ $y:=(y_{1}, \ldots.y_{q}),$ $z:=(z_{1}$ , ..., $z_{r})$ ,
$\Psi:=\{\lambda_{11}y_{1}, \ldots, \lambda_{1h_{1}}y_{1}, \ldots, \lambda_{q1}y_{q}, \ldots, \lambda_{qh_{q}}y_{q}, \mu_{11^{Z}1}, \ldots, \mu_{1k_{1}}z_{1}, \ldots, \mu_{r1}z_{r}, \ldots, \mu_{rk,}.z_{r}\}$ ,
$(\lambda_{ij}, \mu_{ij}\in \mathbb{C})$
$s_{i}$ $:= \dim_{\mathbb{Q}}\sum_{j=1}^{h_{i}}\mathbb{Q}\lambda_{ij}$ , $t_{i}:= \dim_{\mathbb{Q}}\sum_{j=1}^{k_{i}}\mathbb{Q}\mu_{ij}$ ,
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$\Phi:=\{x, y, \exp\Psi\}\subset R$ $(\exp\Psi:=\{\exp\lambda_{11}y_{1}, \ldots, \exp\mu_{rk_{r}}\})$
$\alpha(\Phi)=\max\{1+s_{1}, \ldots, 1+s_{q}, t_{1}, \ldots, t_{r}\}$ .
Noetherian
Khovanskii, Tougeron, Gabrielov Noetherian
. Nash .
Gabrielov Khovanskii , $0$
, ([GK] ’98) .
.
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